Abstract. In this paper we study the normal bundle of the embedding of subvarieties of dimension n 1 in the Grassmann variety of lines in P n . Making use of some results on the geometry of the focal loci of congruences ([4] and [5]), we give some criteria to decide whether the normal bundle of a congruence is ample or not. Finally we apply these criteria to the line congruences of small degree in P 3 .
Introduction
One of the most powerful tools to understand the geometry of the embedding of a subvariety inside a bigger ambient space is to study the normal bundle of the embedding. For example, deformations of the embedding correspond to sections of the normal bundle. The case in which the ambient variety is a projective space has been studied thoroughly in the literature. As a sample of the interest of the normal bundle of projective varieties, the Harsthorne conjecture is related to the splitting of the normal bundle, and the ampleness of the normal bundle provides a simple proof of Barth-Larsen theorem by using Le Potier vanishing theorem for ample vector bundles ( [15] ). However, when the ambient variety is not a projective space, few things are known. For example, Ballico ([9] ) has studied the ampleness of the normal bundle of curves in quadrics, while Papantonopoulou ([14] ) and Goldstein ([10] , [11] ) restricting their attention to the four-dimensional quadric identified with the Grassmann variety of lines in P 3 , have studied not only curves, but also surfaces (i.e. congruences of lines). Recently, new results in the flavor of Barth-Larsen's have been proved for subvarieties in other ambient spaces, like Grassmannians of lines (see [6] ).
Also, some analogue to Hartshorne's conjecture in codimension two has been stated for these Grassmannians (see [7] ). In order to approach these new prob-lems, it becomes crucial to have a good understanding of the normal bundle of subvarieties of Grassmannians of lines.
The goal of this paper is to reinterpret and extend Goldstein and Papantonopoulou's results to arbitrary congruences of lines, i.e. to subvarieties of dimension n 1 in the Grassmann variety of lines in P n . The main point is that, in the same way as the projectivization of the normal bundle of projective subvarieties is the conormal variety, the projectivization of the normal bundle of congruences is closely related to their focal loci. Since we have already studied the geometry of the focal loci of congruences ( [4] in case n D 3 and [5] in general), we can give criteria to decide whether the normal bundle of a congruence is ample or not.
We start in Section 2 by recalling several well-known facts about Grassmannians of lines, which however are not easy to find in the literature, and that we will use throughout the paper. In particular, we give a geometric description of the tangent bundle of a Grassmannian, its projectivization and the map induced by the tautological line bundle of this projectivization.
In Section 3, we give the geometrical interpretation of the projectivization of the normal bundle of some subvarieties of Grassmannians of lines. In the concrete case of line congruences, we recall from [5] the main results about focal loci of line congruences, and relate them with the projectivization of the normal bundle (see Theorem 3.7). As in [5] , most of the results are obtained by means of local computations.
In Section 4, using the description given in the previous section, we study the ampleness of the normal bundle of congruences. More precisely, we prove (see Proposition 4.1) that the normal bundle is not ample if and only if there is a onedimensional family of lines of the congruence all of them sharing the same focal pair of point and hyperplane (we call this family a non-ampleness curve). In the particular case of congruences of lines in P 3 , we recover the result of Goldstein and Papantonopoulou stating that such a non-ampleness curve must be a pencil of lines. However, we show that, when n > 3, we could have infinitely many non-ampleness curves, none of them pencils (see Example 4.5), and also higher dimensional non-ampleness loci (see Proposition 4.6). We end this section with Theorem 4.8, in which we give a more practical criterion, in terms of local coordinates, to decide whether a particular curve is a non-ampleness curve.
Finally, in Section 5, we go through the list of line congruences of degree at most six in P 3 and apply the previous results to decide in which cases the normal bundle is ample, at least for the general congruence. The main idea is that the only possible non-ampleness curves are necessarily pencils of lines, so that for each congruence it is enough to apply Theorem 4.8 to each pencil of the congruence (when there is no other easier way of studying the ampleness). We acknow-ledge the fruitful use in this section of the computer algebra system Macaulay by D. Bayer and M. Stillman.
Generalities on Grassmannians
Let k be an algebraically closed field of characteristic zero. If V is a vector space over k, we will denote by P .V / the set of rank-one quotients of V . More generally, we will denote by G.m; n/ the Grassmann variety of m-dimensional linear subspaces of P .V / over k, i.e. the set of rank-.mC1/ quotients of V . We will deal mainly with the case m D 1, and we will usually just write G instead of G.1; n/. We will fix (dual) bases for V and V and denote by ¹p ij º 0Äi<j Än the usual Plücker coordinates in G, so that we will regard G as a subvariety of P .
V 2 V /. Although we will always assume i < j , it will be useful sometimes to write some p ij with j Ä i , which should be interpreted as p j i (or zero if i D j ).
Convention. In order to distinguish whether we refer to a subspace as a subset of P n or as an element of the Grassmannian, we will use the following convention: small letters l will represent points of the Grassmannian G.m; n/, while the corresponding capital letters L will represent the k-dimensional linear subspace L P n represented by l and E l V will stand for the .m C 1/-dimensional linear subspace defining L.
Regarded as a vector bundle (we will interchange freely the notions of locally free sheaf and vector bundle), the universal quotient bundle can be interpreted as the dual of the subbundle L Q of the trivial vector bundle G V consisting of the pairs .l; v/ such that v is a vector of the linear space E l defining L. We will also consider the universal vector bundle Ã WD G V = L Q. It can be also regarded as the dual of the subbundle of G V consisting of the pairs .l; h/ such that H vanishes on L.
For each line L with Plücker coordinates a WD .a ij / we define the vectors w i D .a i0 ; : : : ; a i n / (for i D 0; : : : ; n) and the linear forms
(for i; j; k D 0; : : : ; n). Observe that, with this notation, the vectors w i span the linear space of E l V , while the linear forms H ij k span the linear subspace H 0 .P n ; I L;P n .1// V (in fact, the equations of G in its Plücker ambient space are precisely H ij k .w l / D 0 for i; j; k; l D 0; : : : ; n).
We include now the following well-known facts about G, of which we will prove in detail the last part, because it is not easy to find in the literature and because we will need the precise details appearing in the proof. 
(iv) The tautological O.1/ over the projective bundle P .T G / defines a morphism
such that the fiber at each l 2 G maps isomorphically onto the linear span, after the Segre embedding, of L P .H 0 .P n ; I L;P n .1// / P n P n .
Proof. Part (i) is standard, while part (ii) follows easily from the fact that any line in U ij is determined by just w i ; w j , and dually by just the H ij k with k ¤ i; j . Part (iii) follows from a tedious but straightforward computation showing that the morphisms we defined at each U ij glue together.
For part (iv), we first recall that the map G V˝V ! T G D Q˝Ã induces an epimorphism from V˝V onto the space of global sections of T G (its kernel being the set of homoteties of V ). Hence P .T G / can be regarded as a projective subbundle of G P .V V / with the same O.1/, which on G P .V V / defines the projection onto the second factor. The proof concludes by observing that (iii) is saying that the fiber of P .T G / at a point of coordinates a becomes, inside P .V V /, the subspace generated by the products w i˝Hij k ; w j˝Hij k , with k D 0; : : : ; O i ; : : : ; O j ; : : : ; n, which is (after projectivizing) the Segre ambient space of the product of the space generated by w i ; w j (which yields L) and the space generated by the H ij k (which yields P .H 0 .P n ; I L;P n .1// /). : : : 0
With this identification, we have the following result (which was indicated to us by Jorge Caravantes): Corollary 2.3. Identify an element A 2 P .V˝V / with an endomorphism of V . Then:
. /, with 2 P .T G / in the fiber of a line l 2 G, then the twodimensional linear subspace E l V contains the image of the endomorphism A and is contained in its kernel; in particular rk.A/ Ä 2.
(ii) If A is the image by ' of infinitely many elements of P .
Proof. A pair .p; h/ 2 P .V / P .V / is identified with an endomorphism of V vanishing on E H and having as image the one-dimensional linear subspace of E p V . By Lemma 2.1, the element A is a linear combination of endomorphisms with image in E l and vanishing on E l, and hence (i) follows right away. Suppose now A has rank two, and let us show that it cannot be the image by ' of infinitely many elements of P .T G /, which will prove (ii). If A D '. /, with 2 P .T G /, by (i) is necessarily in the fiber of the line L defined by the image of A (which by assumption has dimension two). Finally, Lemma 2.1 implies that the fiber of the line l maps injectively into P .V˝V /, so the result follows.
The projective normal bundle and the focal loci of line congruences
In this section we use the results obtained in the previous one to give a geometric description of the projectivization of the normal bundle of subvarieties of G.1; n/. We will concentrate on the case of line congruences (see definition below) and on the relation of this theory with the theory of focal loci. We start with very particular subvarieties of G.1; n/ that will be very useful in the next section.
Proposition 3.1. Let X P n be an r-dimensional variety and let L P n be a line meeting X transversally at a smooth point p 2 X . Let also † 2 G.1; n/ be the set of lines of P n meeting X and write also N for the normal sheaf of † in G.1; n/. Then, with the notation of Lemma 2.1, if l is a smooth point of †, the image of P .N l / in P n P n by ' jP .N / is ¹pº H 0 .P n ; I …;P n .1//, where … is the linear span … of L and the tangent space to X at p.
Proof. Choose coordinates in
, and take the corresponding Plücker coordinates. In this way, the point p is the origin in the affine coordinates x 1 ; : : : ; x n of ¹x 0 D 1º and the line L becomes the origin when we take the affine coordinates p 02 ; : : : ; p 0n ; p 12 ; : : : ; p 1n of U 01 D ¹p 01 D 1º. Choose now a local parametrization of X at the origin x n r D f n r .u 1 ; : : : ; u r / x n rC1 D u 1 : : :
where u 1 ; : : : ; u r is a system of local parameters of X at p, and f 1 ; : : : ; f n r have order at least two. In this way, a local parametrization of † around l is given by assigning to the parameters u 1 ; : : : ; u r ; v 1 ; : : : ; v n 1 the line spanned by the rows of the matrix 1 f 1 f 2 : : : f n r u 1 : : : u r 0 1 v 1 : : : v n r 1 v n r : : : v n 1 ! or, in the above affine Plücker coordinates,
for i D 2; : : : ; n,
: : : ; n r,
This proves that the tangent space to † at l has equations p 12 D D p 1;n r D 0. By Lemma 2.1, dp 1i is identified, at the origin, with the tensor w 1˝H01i , i.e. the pair .p; H i / 2 P n P n , where H i W x i D 0. Since H 2 ; : : : ; H n r generate H 0 .P n ; I …;P n .1//, the result follows.
Remark 3.2. In the statement of Proposition 3.1, the hypothesis that l is a smooth point of † is not strictly necessary. One could have that L meets X in two different points, which would provide two different branches of †, and our statement remains true for the normal sheaf of any of the branches. Observe also that, as our local computations implicitly showed, the smoothness of † at l already implies that L and X meet transversally. A similar observation can be made about the smoothness of X at p, in which we could only impose to have smooth branches. Definition 3.3. By a line congruence we shall mean an .n 1/-dimensional subvariety (which we will always assume to be smooth and irreducible) of G D G.1; n/.
For a given a line congruence Y , we recall the following definitions and results from [5] :
(i) Let I 0 Y Y P n be the incidence variety consisting of the pairs .p; l/ for which l is an element of Y and p is a point of the line L and let q 0 W I 0 Y ! P n be the second projection. The focal locus of Y will be the branch locus F of q 0 , and the elements of F will be called focal points. If .p; l/ is in the ramification locus of q 0 we will say that p is a focal point for the line L. Obviously a fundamental point, i.e. a point through which there pass infinitely many lines of the congruence, is a focal point.
(ii) Let I 2 Y Y G.2; n/ be the incidence variety consisting of the pairs .l; / for which l is a line of Y and … is a plane containing the line L and let q 2 W I 2 X ! G.2; n/ be the second projection (which is not surjective if n 4). The locus of focal planes of Y will be the branch locus F 2 of q 2 , and if .l; / is in the ramification locus of q 2 we will say that … is a focal plane for the line L. As before, a fundamental plane, i.e. a plane containing infinitely many lines of the congruence, is a focal plane.
(iii) Let I n 1 Y Y L P n be the incidence variety consisting of pairs .l; h/ such that the hyperplane H contains the line L. Let q n 1 W I n 1 Y ! L P n be the second projection (which has no finite fibers if n 4). The locus of focal hyperplanes F n 1 is the branch locus of q n 1 . If .l; h/ is in the ramification locus of q n 1 then we will say that H is a focal hyperplane for the line L.
We summarize here the main results from [5] that we will need: Lemma 3.4. Either all the points of a line L are focal (in which case we will say that L is a focal line) or L contains n 1 focal points (counted with multiplicity). Similarly, when the number of focal planes (resp. hyperplanes) of L is finite, this number is n 1, and in this case they are in general position (in the sense that the n 1 focal planes span P n and the intersection of the n 1 focal hyperplanes is L).
Lemma 3.5. The different focal loci are related as follows:
2; n/ be the incidence variety consisting of the triples .p; l; / for which l is an element of Y , p is a point of L and … is a plane containing the line L. Then the branch locus of the projection q 0;2 W I 0;2 Y ! P n G.2; n/ maps surjectively under the two projections to the focal locus and the locus of focal planes of Y . Moreover, if for a line L there is only a finite number of pairs .p; / (called focal pairs for L) such that .p; l; / is a ramification point of q 0;2 , then this number of pairs is n 1.
(ii) If a line l has exactly n 1 focal pairs .p 1 ; 1 /; : : : ; .p n 1 ; n 1 /, then l has exactly n 1 focal hyperplanes, which are H 1 ; : : : ; H n 1 , where H i is the span of all the focal planes except i (we will say that the pairs .p i ; h i / are focal dual pairs). Moreover, H i is the tangent hyperplane to the focal locus at the point p i .
We also recall from [5] the way of computing the focal loci of a congruence Y in local coordinates. We will fix a line L of the congruence and a point p 2 L, a plane … L and a hyperplane H L and we want to characterize when they are focal for L.
We fix coordinates in P n such that the line L has equations : : :
has rank at most one. Proof. It follows from Section 4 in [5] , observing that now we are writing h i instead of g i and k i instead of f i , and also we need only to evaluate at the origin so the expressions in [5] simplify. In this way, matrices of (i), (ii) and (iii) are respectively matrices B, C and BC (after removing repetitions) of Section 4.1, and the matrix of (iv) is matrix B 0 of Section 4.2. For (v), see the end of the proof of Theorem 4.1 in [5] .
We can finally relate the projective normal bundle with the focal loci.
Notation. From now on, when no confusion can arise, for a line congruence Y we will denote by N the normal bundle of Y in G D G.1; n/. Regarding P .N / as a subset of P .T G / we will also denote by ' Y the restriction to P .N / of the map ' W P .T G / ! P .V˝V / defined in Lemma 2.1 (which is thus the map associated to O P .N / .1/). Theorem 3.7. Let Y Â G.1; n/ be a line congruence with normal bundle N and let Á 2 P .N / be an element in the fiber P .N l / of l 2 Y . Then:
Á/ is a pair .p; h/ 2 P .V / P .V /, then p is a focal point for l and H is a focal hyperplane for L.
(ii) If L is a line with exactly n 1 focal pairs, then ' Y .Á/ is a pair .p; h/ if and only .p; h/ is a focal dual pair of L. In particular, in this case the image by ' Y of the fiber of P .N / over l is the span of the n 1 focal dual pairs of L.
Proof. We choose coordinates and notation as for Lemma 3.6. An element of P .N / P .T G / can be regarded as the class (up to multiplication by a constant) of the restriction to Y of a non-zero form 
General results on the ampleness of the normal bundle of congruences
From what we have seen so far we can readily prove the following result:
Proposition 4.1. Let Y Â G.1; n/ be a line congruence with normal bundle N . Then N is not ample if and only if there exists a curve C Y , a point p 2 P n and a hyperplane H 3 p such that for any l 2 C , the pair is focal dual for L. In particular, C is contained in the Schubert variety .p; H / of lines passing through a point p and contained in H .
Proof. We need to characterize when the map ' Y contracts some curve C to a point of P .V˝V /. By Corollary 2.3, such a C can only be contracted to a point of the form .p; H /. The result follows now from Theorem 3.7.
Definition 4.2. We will call a curve as in Proposition 4.1 a non-ampleness curve.
In the particular case n D 3, since .p; H / is a line inside G.1; 3/, the only non-ampleness curves are necessarily lines (Goldstein in [10] called them ampleness lines, but we found this name misleading, so we did not take it). In this case, we recover from Proposition 4.1 the following result of Papantonopoulou (see [14] Proposition 2.4) and Goldstein (see [10] When n is arbitrary, the criterion of Proposition 4.1 is not easy to check because of two reasons. First, there are too many curves to look at as possible candidates for non-ampleness curves (although the philosophy should be that if the congruence is "sufficiently general" it should not contain curves contained in any Schubert variety .p; H /). On the other hand, once a candidate is found, it is not easy a priory to check whether it satisfies the condition of Proposition 4.1. To solve this last problem, we will give at the end this section a characterization in terms of local equations (see Theorem 4.8).
The first difference with the case n D 3 is that the non-ampleness curves do not need to be pencils of lines. We give next an example showing that in fact there could be infinitely many non-ampleness curves, none of them a pencil of lines.
Example 4.5. Let Q P 4 be a smooth quadric hypersurface and let Y G.1; 4/ be the congruence of lines contained in Q. It is well know (see for instance [3] ) that Y is, after the Plücker embedding, the double Veronese embedding of P 3 . In fact, Y is the zero locus of the section of S 2 Q corresponding to the choice of the quadric Q. In particular its normal bundle is N D S 2 Q jY . By Proposition 4.1, any possible non-ampleness curve for Y should be a curve in Y such that all of its lines pass through a common point p. Clearly, p should be a point of Q, and the only possibility is that such non-ampleness curve is the set C of all the lines contained in Q and passing through p, i.e. the lines in the quadric cone obtained by intersection Q with its tangent hyperplane at p. This means that C is isomorphic to P 1 and Q jC D O P 1˚O P 1 .2/. This implies that N jC D O P 1˚O P 1 .2/˚O P 1 .4/, and hence such C is always a non-ampleness curve.
Another phenomenon when n > 3 is that the non-ampleness locus could have dimension bigger than one. An example of this is provided by the following result, which provides a non-ampleness criterion for certain congruences. Proposition 4.6. Let Y G.1; n/ be a line congruence such that there exists X P n satisfying that through the general point of X there passes an s-dimensional family of lines of Y . Then, for a general point p 2 X and a general hyperplane H P n containing the tangent space to X at p, the fiber of the pair .p; h/ under ' Y has dimension at least s 1. In particular, if s > 1 then the normal bundle of Y is not ample.
Proof. By assumption, the set of lines of Y passing through p has dimension s. Hence those of them contained also in H form a family of dimension s 1. By Proposition 3.1, for a general L in this family, the pair .p; h/ is in the image of ' Y .
Remark 4.7. The hypothesis of Proposition 4.6 can be satisfied even in the most special case, i.e. when X is a curve and s D n 1. In this case, there is a complete classification of these congruences (see [2] ). More precisely, for any n, there are infinitely many cases in which X is a line and a finite number of cases in which X is another curve.
We end this section with the promised characterization of when a given curve is a non-ampleness curve in terms of a local parametrization of the congruence, which we will use in the next section. Proof. We just repeat the computations of the proof of Theorem 3.7, but moving l along the curve C . We thus fix the same system of coordinates and parametrizations. Since C is contained in .p; H /, we have now that h n ; k 2 ; k 3 ; : : : ; k n 2 .u 1 ; u 2 ; : : : ; u n 2 /.
The fact that C is a non-ampleness curve is equivalent to the fact that, for any element of C , .p; h/ is a focal dual pair for it. We thus fix N u D .0; : : : ; 0; N u n 1 /, which defines the line of L. N u/ P n spanned by the rows of
where
Performing the change of coordinates in P n
we have that u 1 ; : : : ; u n 1 represent the line spanned by the points whose coordi-nates are the rows of
Now p; L. N u/; H are in the conditions of Theorem 3.7 (up to a translation of u n 1 by N u n 1 ). Hence .p; h/ is a focal dual pair for L. N u/ if and only if
. N u/ D 0. Hence C is a non-ampleness curve if and only if we have @k n @u 1 ; : : : ; @k n @u n 1 2 .u 1 ; : : : ; u n 2 /, which is equivalent to k n 2 .u 1 ; : : : ; u n 2 / 2 , which proves the theorem.
Remark 4.9. We will use Theorem 4.8 mainly for congruences in G.1; 3/ with a finite number of pencils of lines. In this case, it will be enough in general to use the theorem for just one pencil of the congruence instead of all of them. Indeed, assume we have an irreducible family H of congruences such that the general one contains a finite number of pencils of lines. Let F 0;2 denote the flag variety parametrizing the pencils of lines in P 3 . We consider the incidence variety I F 0;2 H consisting of the pairs . ; Y / such that the congruence Y contains the pencil . We write p 1 ; p 2 for the projections from I to F 0;2 and H respectively. If H has the property that the set of congruences of H containing a given is irreducible, this implies that I is also irreducible (because all the fibers of p 1 are isomorphic to each other). The fact that the general congruence of H contains a finite number of pencils of lines is equivalent to say that p 2 is generically finite. Suppose that we have found a congruence Y 2 H with a pencil which is not a non-ampleness line. This means that the dimension of the closed set B I of pairs . ; Y / such that is a non-ampleness line for Y is strictly smaller that the dimension of I . Since p 2 is generically finite, this implies that the image of B is not the whole H . Therefore, the general congruence of H does not contain non-ampleness lines, and hence its normal bundle is ample.
Congruences of lines in P 3 of small degree
We collect first in the following table the description of the congruences of degree d Ä 6 (see for instance [8] ). Afterwards we analyze case by case these congruences in order to determine whether the normal bundle of these congruences is ample or not. In the last column of the table we give the answer for the generic element of the corresponding Hilbert scheme.
As it is clear, by duality (a congruence of lines in P 3 yields a congruence of lines in L P 3 ), we can restrict our analysis to the case a Ä b. First we recall some standard facts: 
(ii) more generally Y is the complete intersection of the Grassmannian with a smooth codimension two subvariety Z P 5 because in this case N D N Z;P 5 jY and N Z;P 5 is ample.
(iii) Y is the zero locus of a section of Q.
We are now ready for our case-by-case analysis:
Cases 2, 7, 13. The normal bundle N Y =G.1;3/ of congruences 2; 7; 13 listed above are ample by Remark 5.1 (i), since these congruences are complete intersections.
Case 4. In this case, the normal bundle is ample, since the Veronese surface has no lines.
Cases 8, 12. In case 8, the normal bundle is also ample by Remark 5.1 (iii) since the congruence is the zero locus of a section of the ample bundle Q.1/. In case 12, the ampleness of the normal bundle follows from Remark 5.1 (ii) and the description given in [8] of this congruence as complete intersection of the Grassmannian with a Segre variety. Case 1. In this case, we apply Proposition 4.6 to the dual congruence, which consists of the set of lines passing through one point.
Case 3. Following [8] the congruence Y is obtained as follows: given a conic in a plane ƒ and a line L 0 not contained in ƒ intersecting in a point p 0 , Y is the closure of the set of lines meeting and L in different points. The scroll structure is given by the pencils of lines .p; …/, with p 2 and … D hL 0 ; pi. Observe that when p D p 0 the plane … is the plane … 0 spanned by L and the tangent line at p 0 to . Since a D 1, the focal locus of the congruence is the fundamental locus, i.e. [ L 0 . Notice also that the planes … are fundamental, hence focal, although there are also other focal planes. Hence for any l 2 .p 0 ; … 0 / n ¹l 0 º, the point p 0 is its only focal point, while … 0 is a focal plane. Therefore the pair .p 0 ; 0 / is focal dual for Y . This, by Corollary 4.3, implies that .p 0 ; 0 / is a non-ampleness line. A similar reasoning allows to reprove Goldstein's statement (see [11] ) that this is the only non-ampleness line on Y .
Case 10. We recall the description of this elliptic scroll as a congruence, following [12] . Let us consider in P 3 an elliptic cubic curve D contained in a plane ƒ and endowed with the standard group law, i.e. the sum of three points is zero if and only if they are collinear. Fix a point 2 D, another point R 2 ƒ n D and a point Ä 2 P 3 n ƒ. To any point u 2 D one associates a line L.u/ as follows: first one considers the point u C 2 2 D and the line r.u/ joining it with R. Denoting by A and B the two other points of intersection of r.u/ and D, it follows that
so that the three points u, A , B lie on a same line, which we call L.u/. The congruence is thus given by the pencils of lines through u in the planes ….u/ spanned by Ä and L.u/. From this construction, it is immediate to see that all points of D are fundamental and hence focal for the congruence and similarly the planes ….u/ are fundamental and focal. Moreover the planes ….u/ are tangent to the focal surface F of the congruence (which is a cone with vertex Ä, as it can be seen by duality). For a general element l 2 .u; ….u// of the congruence, the focal points for L are u and a point p 2 F such that the tangent plane to F at p is .u; ….u//. The corresponding focal planes are ….u/ and (see Lemma 2.2 and Lemma 4.1 of [4] ) the plane spanned by L and the tangent line to D at u. In the rest of the cases we will use the local criterion given by Theorem 4.8.
Cases 5, 6. We first recall their geometric descriptions from [12] . Case 5 is obtained by giving an automorphism of a plane conic and a point p outside the plane spanned by . The congruence consists thus of the union of the pencils .p t ; … t / determined by a point q t of and the plane … t spanned by p; q t and .q t /. Case 6 (which is omitted in [8] ) is a degeneration of case 5 in which p belongs to . Hence, it will be enough to prove the non-ampleness for case 5. More precisely, we will prove that, for any fixed point q 0 of (which always exists) the pencil .q 0 ; … 0 / is a non-ampleness line. Observe that we could take to be the identity, in which case we obtain infinitely many non-ampleness pencils. This is precisely the particular example given in Section §3 of [11] , which is proved in [10] to be the only one, together with case 1, with infinitely many non-ampleness curves. Now, in order to apply Theorem 4.8 to prove the non-ampleness in case 5, we take a fixed point q 0 of and take coordinates such that
With these equations, is given by t 0 D at=.ct C d /, with ad ¤ 0, and for q t D .1 W t W 0 W t 2 / 2 , the plane … t has equation
Introducing an affine parameter u for the pencils .q t ; … t /, we get a local parametrization of the congruence such that for any value of the parameters t; u, its corresponding line is the one generated by the rows of the matrix In the last cases we need the extra the aid of Maple, in order to apply Theorem 4.8. Moreover, we will prove the ampleness of the normal bundle for a particular congruence. Since the Hilbert scheme of these congruences is irreducible (see [8] ), this will prove the ampleness of the normal bundle for the general congruence. However, we will need to check that our particular choice of the congruence is smooth, and we do so with the aid of the computer algebra system Macaulay.
Case 9. In this case, the congruence is a Castelnuovo surface given by the blow up of P 2 in eight points, embedded by the linear system j4L 2E 1 E 2 E 8 j of the quartics with a double point P 1 and seven simple points P 2 ; : : : ; P 8 . This surface contains only a finite numbers of lines, which are the seven exceptional divisors E 2 ; : : : ; E 8 and the seven curves in the linear systems jL E 1 E 2 j; : : : ; jL E 1 E 8 j. We will prove that N Y =G.1;3/ is ample by checking that none of these lines of the surface is a non-ampleness line. We will do so only for the line E 2 , since we can apply the argument of Remark 4.9.
To see that we are in the conditions of Remark 4.9, we recall from [8] the construction of the congruences of this family H . We fix a line L P 3 , a point p 2 L and a cubic complex † containing the˛-plane˛.p/ of lines passing through p. Then the congruence is the residual congruence of˛.p/ in the complete intersection of † and the linear complex of all the lines of P 3 meeting L. We have thus that all the lines of the congruence meet L (i.e. L is a fundamental line). More precisely, for each point of L, the lines of the congruence passing through it form a cubic cone, while for each plane containing L the set of lines of the congruence contained in it forms a curve of degree two (we have to remove the pencil of lines through p). The latter endows the congruence with a conic fibration structure over L. In terms of the Castelnuovo surface, the linear complex of lines meeting L is given by j3L E 1 E 2 E 8 j C jL E 1 j, the fundamental line L corresponds to the base point of j3L E 1 E 2 E 8 j, and the conic fibration is given by jL E 1 j. The seven singular conics of the fibration are thus the seven pairs of lines .E i ; L E 1 E i /. In particular, all the lines contained in the congruence correspond to pencils of lines .q; …/ such that the plane … contains the line L. Hence, the set of congruences of H containing a fixed .q; …/ is parametrized by the choice of a line L contained in …, a point p 2 L n ¹qº and a cubic complex † containing˛.p/ and .q; …/. Since this is an irreducible parametrization, it follows from Remark 4.9 that it is enough to check that E 2 is not a non-ampleness line.
In order to apply Theorem 4.8, we choose coordinates u; x; y in P 2 and take 
